
9X8 .BK2MbBQM 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@j- 2bT2+B�HHv,ě
∗ RX8 GBM2�` +QK#BM�iBQMbX
∗ RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X

Ç 9XR a2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bX
Ç 9Xk a2i 2[m�HBiv U7Q` b2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bVX
Ç 9Xj am#bT�+2b Q7 +QHmKM p2+iQ`bX
Ç 9X9 "�bBb 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 /BK2MbBQM 7Q` �M �`#Bi`�`v bm#bT�+2 Q7 Rn-
Ç i?2 _2TH�+2K2Mi h?2Q`2K �M/ Bib +QMb2[m2M+2bX

AM i?2 �TT2M/Bt- r2 T`QpB/2 i?2 T`QQ7b Q7 i?2 7mM/�K2Mi�H `2bmHib �#Qmi #�bBb �M/ /BK2MbBQM 7Q` bm#bT�+2b Q7 Rp

i?�i r2 �`2 ;QBM; iQ bi�i2X

RX Zm2biBQMb �#Qmi i?2 MQiBQM Q7 #�bBb 7Q` � ;2M2`�H bm#bT�+2 Q7 RnX
q2 +�M U�M/ b?QmH/V �bF b2p2`�H [m2biBQMb �#Qmi i?2 MQiBQM Q7 #�bBb 7Q` � ;2M2`�H bm#bT�+2- b�v- V- Q7 Rn Qp2` i?2
`2�HbX
Zm2biBQM URVX
Ab Bi ;m�`�Mi22/ i?�i V ?�b � #�bBb Qp2` i?2 `2�Hb\
�Mbr2`X

U�V q?2M V = Rn- i?2 �Mbr2` Bb v2bX "mi r?�i B7 V "= Rn\
U#V A7 V Bb Bib2H7 i?2 bT�M Q7 bQK2 k HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b- b�v- u1,u2, · · · ,uk- Qp2` i?2 `2�Hb- i?2M-

#v /2}MBiBQM- i?2b2 k +QHmKM p2+iQ`b u1,u2, · · · ,uk- +2`i�BMHv +QMbiBimi2 � #�bBb 7Q` V Qp2` RX

"mi r?�i B7 V Bb MQi �H`2�/v FMQrM iQ #2 i?2 bT�M Q7 bQK2 HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b Qp2` i?2 `2�Hb\
Zm2biBQM UkVX A7 V ?�b � #�bBb Qp2` i?2 `2�Hb- ?Qr K�Mv #�b2b /Q2b V ?�p2\
�Mbr2`X
q?2M V = Rn- i?2 �Mbr2` Bb /2}MBi2Hv MQX
h?Bb bm;;2bib i?2 �Mbr2` iQ i?Bb [m2biBQM Bb K�Mv KQ`2 i?�M QM2- r?2M V Bb MQi i?2 x2`Q bm#bT�+2 Q7 RnX
AM 7�+i- B7 u1,u2, · · · ,up +QMbiBimi2 � #�bBb Q7 V Qp2` i?2 `2�Hb- 7Q` 2�+? +?QB+2 Q7 MQM@x2`Q `2�H MmK#2`b α1,α2, · · · ,αp-
r2 ?�p2 � /BbiBM+i #�bBb Q7 V Qp2` i?2 `2�Hb- ;Bp2M #v α1u1,α2u2, · · · ,αpupX

kX AM pB2r Q7 i?2 �Mbr2` iQ Zm2biBQM UkV- r2 b?QmH/ �bF i?2b2 7m`i?2` [m2biBQMb,ě
Zm2biBQM UjVX
Ab Bb TQbbB#H2 iQ +QKT�`2 p�`BQmb #�b2b Q7 V Qp2` i?2 `2�Hb\ >Qr +�M i?2 +QKT�`BbQM #2 /QM2\ *�M Bi #2 /QM2
bvbi2K�iB+�HHv\
Zm2biBQM U9VX
Ab i?2`2 �Mvi?BM; +QKKQM �KQM;bi �HH #�b2b Q7 i?2 b�K2 V Qp2` i?2 `2�Hb\
h?2 ǵ*?�M;2@Q7@#�bBbǶ h?2Q`2K ?�b T`QpB/2/ � T�`iB�H �Mbr2` iQ Zm2biBQM UjVX "mi Bi Bb `2H2p�Mi QMHv mM/2` i?2
�bbmKTiBQM i?�i p�`BQmb #�b2b 7Q` V ?�p2 i?2 b�K2 MmK#2` Q7 +QHmKM p2+iQ`bX LQr i?Bb #2+QK2b � K�ii2` Q7 +QM+2`M
Q7 Zm2biBQM U9VX
q2 T`QpB/2 i?2 �Mbr2`b iQ i?2b2 [m2biBQMb BM i?2 i?2Q`2iB+�H `2bmHib #2HQrX

jX q2 bi�`i #v `2+�HHBM; irQ i?BM;b �#Qmi HBM2�` BM/2T2M/2M+2 7Q` +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2b,ě

U�V LQ n+ 1 Q` KQ`2 +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2b �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
U#V "v /2}MBiBQM Q7 i?2 MQiBQM Q7 #�bBb- 2p2`v #�bBb 7Q` � bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb Bb M2+2bb�`BHv K�/2 mT Q7

HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2bX

R



*QK#BMBM; i?2b2 irQ Q#b2`p�iBQMb- r2 ?�p2 i?2 `2bmHi #2HQrX AM TH�BM rQ`/b- i?Bb b�vb i?�i i?2 ǵbBx2Ƕ Q7 � #�bBb 7Q`
� bm#bT�+2 Q7 Rn ǵ+�MMQi #2 iQQ H�`;2ǶX
h?2Q`2K URVX UlTT2` #QmM/ Q7 MmK#2` Q7 +QHmKM p2+iQ`b BM � #�bBb 7Q` � bm#bT�+2 Q7 Rn Qp2` i?2
`2�HbXV
1p2`v #�bBb 7Q` �Mv bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb ?�b �i KQbi n +QHmKM p2+iQ`bX

9X h?2Q`2K URV +�M #2 Km+? b?�`T2M2/ iQ ;Bp2 i?2 F2v i?2Q`2iB+�H `2bmHi #2HQrX h?Bb `2bmHi T`QpB/2b �M �Mbr2` iQ
Zm2biBQM URVX
h?2Q`2K UkVX U1tBbi2M+2 Q7 #�bBb 7Q` �M �`#Bi`�`v MQM@x2`Q bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbXV
amTTQb2 V Bb � MQM@x2`Q bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX h?2M i?2`2 Bb � #�bBb 7Q` V Qp2` i?2 `2�Hb r?B+? +QMbBbib Q7
�i H2�bi QM2 �M/ �i KQbi n +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2bX
_2K�`FX h?2 T`QQ7 Q7 h?2Q`2K UkV Bb T`QpB/2/ BM i?2 �TT2M/BtX
6m`i?2` `2K�`FX h?2Q`2K UkV /Q2b MQi ?�p2 �Mv T`�+iB+�H �TTHB+�iBQM rBi?BM i?2 b+QT2 Q7 i?Bb +Qm`b2X Aib QMHv
Tm`TQb2 Bb iQ ;m�`�Mi22 i?�i r2 +�M i�HF �#Qmi #�bBb 7Q` �M �`#Bi`�`v bm#bT�+2 Q7 RnX

8X q2 MQr T`QpB/2 bQK2 FBM/ Q7 �Mbr2` iQ Zm2biBQM U9VX
h?2Q`2K UjVX UlMB[m2M2bb Q7 ǵbBx2Ƕ Q7 p�`BQmb #�b2b Q7 i?2 b�K2 bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbXV
�Mv irQ #�b2b 7Q` � bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb ?�p2 i?2 b�K2 MmK#2` Q7 +QHmKM p2+iQ`bX
_2K�`FX h?2 T`QQ7 Q7 h?2Q`2K UjV Bb T`QpB/2/ BM i?2 �TT2M/BtX
6m`i?2` `2K�`FX h?2 �`;mK2Mi rBHH ?2�pBHv `2Hv QM � i?2Q`2iB+�H /2pB+2- FMQrM �b i?2 _2TH�+2K2Mi h?2Q`2K-
r?Qb2 bi�i2K2Mi rBHH #2 BMi`Q/m+2/ H�i2`X h?2 _2TH�+2K2Mi h?2Q`2K +�M #2 `2;�`/2/ �b i?2 mHiBK�i2 �Mbr2` iQ
Zm2biBQM UjVX

eX AM i?2 HB;?i Q7 i?2 p�HB/Biv Q7 h?2Q`2K UkV �M/ h?2Q`2K UjV- Bi K�F2b b2Mb2 iQ BMi`Q/m+2 i?2 MQiBQM Q7 /BK2MbBQM Q7
bm#bT�+2 #2HQrX AM K�Mv bBim�iBQM Bi Bb r?�i r2 `2�HHv M22/ 7`QK i?2 +QMbB/2`�iBQM Q7 bm#bT�+2bX
.2}MBiBQMX U.BK2MbBQM Q7 � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbXV
G2i V #2 � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX

URV UamTTQb2 V Bb i?2 x2`Q bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbXV q2 /2+H�`2 i?2 /BK2MbBQM Q7 {0n} Qp2` R Bb 0- �M/ r`Bi2
dimR({0p}) = 0X

UkV amTTQb2 V Bb MQi i?2 x2`Q bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
q2 +�HH i?2 MmK#2` Q7 +QHmKM p2+iQ`b #2HQM;BM; iQ � #�bBb 7Q` V i?2 /BK2MbBQM Q7 V Qp2` RX
q?2M bm+? � MmK#2` Bb p- r2 r`Bi2 dimR(V ) = p- �M/ r2 `272` iQ V �b � p@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2`
i?2 `2�HbX

dX *QKK2Mib QM i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 /BK2MbBQMX

U�V �++Q`/BM; iQ h?2Q`2K UkV- Bi K�F2b b2Mb2 iQ i�HF �#Qmi i?2 MmK#2` Q7 +QHmKM p2+iQ`b #2HQM;BM; iQ � #�bBb 7Q`
V Qp2` R- #2+�mb2 bm+? � #�bBb 2tBbibX

U#V �++Q`/BM; iQ h?2Q`2K UjV- Bi K�F2b b2Mb2 iQ `272` iQ bm+? � MmK#2` �b bQK2i?BM; /2i2`KBM2/ #v V U�M/
BMi`Q/m+2 i?2 MQi�iBQM dimR(V)V- #2+�mb2 i?2 MmK#2`b Q7 p�`BQmb #�b2b 7Q` i?2 b�K2 V Qp2` i?2 `2�Hb �`2 i?2
b�K2X

U+V �++Q`/BM; iQ h?2Q`2K UkV �;�BM- r2 FMQr i?�i dimR(V) Bb �M BMi2;2` #2ir22M 0 �M/ nX
U/V q2 K�v bBKTHB7v i?2 MQi�iBQM dimR(V) �b dim(V)- rBi? i?2 mM/2`bi�M/BM; i?�i QMHv bm#bT�+2b Qp2` i?2 `2�Hb

�`2 BMpQHp2/ BM i?2 /Bb+mbbBQMX
3X AKK2/B�i2Hv 7QHHQrBM; 7`QK i?2 /2}MBiBQMb 7Q` i?2 MQiBQMb Q7 #�bBb �M/ /BK2MbBQM Bb i?2 `2bmHi #2HQr �#Qmi bT�MX

h?2Q`2K U9VX
G2i u1,u2, · · · ,up ∈ RnX
amTTQb2 u1,u2, · · · ,up �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2M,ě

U�V i?2 BM2[m�HBiv p ≤ n ?QH/b- �M/
U#V aT�M({u1,u2, · · · ,up}) Bb � p@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb- rBi? � #�bBb Qp2` i?2 `2�Hb +QMbiBimi2/

#v u1,u2, · · · ,upX
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NX 1t�KTH2 URVX U1�bv BHHmbi`�iBQM Q7 h?2Q`2K U9VXV

*QMbB/2` i?2 bi�M/�`/ #�b2 e(n)1 , e(n)2 , · · · , e(n)n 7Q` RnX

6Q` 2�+? q = 1, 2, · · · , n- i?2 q +QHmKM p2+iQ`b e(n)1 , e(n)2 , · · · , e(n)q +QMbiBimi2 � #�bBb 7Q` i?2 bm#bT�+2 Q7 Rn r?B+? Bb

aT�M({e(n)1 , e(n)2 , · · · , e(n)q }).

h?Bb bm#bT�+2 Q7 Rn Bb Q7 /BK2MbBQM qX

RyX 1t�KTH2 UkVX UAHHmbi`�iBQM QM h?2Q`2K U9VXV

U�V G2i u1 =

[
2
1
1

]
- u2 =

[
0
−1
1

]
- �M/ W = aT�M({u1,u2})X

q2 +�M p2`B7v i?�i u1,u2 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2`27Q`2 u1,u2 +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX
>2M+2 dim(W) = 2X

U#V G2i u1 =




1
1
1
1



- u2 =




0
1
2
3



- �M/ W = aT�M({u1,u2})X

q2 +�M p2`B7v i?�i u1,u2 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2`27Q`2 u1,u2 +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX
>2M+2 dim(W) = 2X

U+V G2i u1 =





2
2
2
1
1



- u2 =





0
0
0
1
1



- u3 =





0
−2
0
−1
1



- �M/ W = aT�M({u1,u2,u3})X

q2 +�M p2`B7v i?�i u1,u2,u3 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2`27Q`2 u1,u2,u3 +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX
>2M+2 dim(W) = 3X

RRX 1t�KTH2 UjVX U6m`i?2` BHHmbi`�iBQM QM h?2Q`2K U9V- i?`Qm;? MmHH bT�+2b Q7 K�i`B+2bXV

U�V G2i A =




1 −1 2 −7 −23
3 −2 6 −18 −55
−4 3 −7 23 73
1 2 0 7 33



X

q2 T`Q+22/ iQ bQHp2 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 04)- #v �TTHvBM; `Qr QT2`�iBQMb iQ Q#i�BM � `2/m+2/
`Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ A,ě

A −−−−−→ · · · · · · · · · −−−−−→ A′ =




1 0 0 0 1
0 1 0 0 2
0 0 1 0 3
0 0 0 1 4



.

Ai 7QHHQrb i?�i i?2 MmHH bT�+2 N (A) Q7 A Bb ;Bp2M #v

N (A) = aT�M ({u1}),

BM r?B+? u1 Bb i?2 MQM@x2`Q +QHmKM p2+iQ` Ur?B+? Bb `2�/ Qz 7`QK A′ �M/V r?B+? Bb ;Bp2M #v

u1 =





−1
−2
−3
−4
1



.

LQi2 i?�i u1 Bb HBM2�`Hv BM/2T2M/2MiX h?2M u1 +QMbiBimi2b � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX
h?2`27Q`2 dim(N (A)) = 1X

U#V G2i A =




1 3 1 −2 1
1 3 2 −3 −3
2 6 1 −2 10
−1 −3 −3 1 −5



X
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q2 T`Q+22/ iQ bQHp2 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 04)- #v �TTHvBM; `Qr QT2`�iBQMb iQ Q#i�BM � `2/m+2/
`Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ A,ě

A −−−−−→ · · · · · · · · · −−−−−→ A′ =




1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0



.

Ai 7QHHQrb i?�i i?2 MmHH bT�+2 N (A) Q7 A Bb ;Bp2M #v

N (A) = aT�M ({u1,u2}),

BM r?B+? u1,u2 �`2 i?2 HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b Ur?B+? �`2 `2�/ Qz 7`QK A′ �M/V r?B+? �`2 ;Bp2M
#v

u1 =





−3
1
0
0
0



, u2 =





−9
0
0
−4
1



.

h?2M u1,u2 +QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX
h?2`27Q`2 dim(N (A)) = 2X

U+V G2i A =




0 0 2 3 5 −7
−1 2 1 −1 0 −2
2 −4 −1 3 2 1
3 −6 −1 5 4 0



X

q2 T`Q+22/ iQ bQHp2 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 04)- #v �TTHvBM; `Qr QT2`�iBQMb iQ Q#i�BM � `2/m+2/
`Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ A,ě

A −−−−−→ · · · · · · · · · −−−−−→ A′ =




1 −2 0 0 0 1
0 0 1 0 1 −2
0 0 0 1 1 −1
0 0 0 0 0 0



.

Ai 7QHHQrb i?�i i?2 MmHH bT�+2 N (A) Q7 A Bb ;Bp2M #v

N (A) = aT�M ({u1,u2,u3}),

BM r?B+? u1,u2,u3 �`2 i?2 HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b Ur?B+? �`2 `2�/ Qz 7`QK A′ �M/V r?B+? �`2
;Bp2M #v

u1 =





2
1
0
0
0
0




, u2 =





0
0
−1
−1
1
0




, u3 =





−1
0
2
1
0
1




.

h?2M u1,u2,u3 +QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX
h?2`27Q`2 dim(N (A)) = 3X

RkX � bT2+B�H U�M/ 2ti`2K2V +�b2 BM 1t�KTH2 URV /2b2`p2b iQ #2 bBM;H2/ Qmi �M/ bi�i2/ �b � i?2Q`2KX
h?2Q`2K U8VX
Rn Bb �M n@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
S`QQ7 Q7 h?2Q`2K U8VX

h?2 n +QHmKM p2+iQ`b e(n)1 , e(n)2 , · · · , e(n)n +QMbiBimi2 � #�bBb 7Q` Rn Qp2` i?2 `2�HbX

RjX q2 +�M b?�`T2M i?2 `2bmHi Km+? KQ`2,ě
h?2Q`2K UeVX
Rn Bb i?2 QMHv n@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
_2K�`FX h?2 T`QQ7 Q7 i?Bb `2bmHi Bb ;Bp2M BM i?2 �TT2M/BtX h?2 �`;mK2Mi `2HB2b QM i?2 _2TH�+2K2Mi h?2Q`2K-
iQ #2 BMi`Q/m+2/ BKK2/B�i2HvX

R9X h?2Q`2K UdVX U_2TH�+2K2Mi h?2Q`2KXV
G2i W #2 � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX G2i p, q #2 TQbBiBp2 BMi2;2`bX
G2i u1,u2, · · · ,up, t1, t2, · · · , tq ∈ W X
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amTTQb2 t1, t2, · · · , tq +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX
amTTQb2 u1,u2, · · · ,up �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2M,ě

U�V i?2 BM2[m�HBiv p ≤ q ?QH/b- �M/
U#V u1,u2, · · · ,up- �M/ bQK2 q− p +QHmKM p2+iQ`b �KQM;bi t1, t2, · · · , tq iQ;2i?2`- +QMbiBimi2 � #�bBb Q7 W Qp2` i?2

`2�HbX
R8X q2 bi�i2 irQ i?2Q`2iB+�H `2bmHib r?B+? 7QHHQrb BKK2/B�i2Hv 7`QK i?2 _2TH�+2K2Mi h?2Q`2KX h?2B` T`QQ7b �`2

T`QpB/2/ BM i?2 �TT2M/BtX
h?2 }`bi Q7 i?2K Bb � ;2M2`�HBx�iBQM Q7 i?2 `2bmHi #2HQr i?�i b�vb,ě

�Mv p+ 1 Q` KQ`2 +QHmKM p2+iQ`b #2HQM;BM; iQ Rp /2}MBi2Hv HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�HbX

h?2Q`2K U3VX U*Q`QHH�`v URV iQ h?2Q`2K UdVXV
G2i V #2 � q@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
h?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V G2i v1,v2, · · · ,v! ∈ V X amTTQb2 v1,v2, · · · ,v! �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2M " ≤ qX

U#V 6Q` 2�+? TQbBiBp2 BMi2;2` k- �Mv q + k +QHmKM p2+iQ`b #2HQM;BM; iQ V �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�HbX

_2K�`FX AM TH�BM rQ`/b- 2�+? T�`i Q7 h?2Q`2K U3V b�vb i?�i,ě

�Mv q + 1 Q` KQ`2 +QHmKM p2+iQ`b #2HQM;BM; iQ � q@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb �`2 /2}MBi2Hv
HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�HbX

ReX >2`2 +QK2b �MQi?2` `2bmHi i?�i 7QHHQrb 7`QK i?2 _2TH�+2K2Mi h?2Q`2KX
h?2Q`2K UNVX U*Q`QHH�`v UkV iQ h?2Q`2K UdVXV
G2i W #2 � q@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
G2i u1,u2, · · · ,up ∈ W X
amTTQb2 u1,u2, · · · ,up �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2M,ě

U�V i?2 BM2[m�HBiv p ≤ q ?QH/b- �M/
U#V i?2`2 Bb bQK2 #�bBb 7Q` W Qp2` `2�H +QMbiBimi2/ #v u1,u2, · · · ,up- �M/ bQK2 q − p +QHmKM p2+iQ`b #2HQM;BM; iQ

WX

_2K�`FX h?Bb Bb ?Qr T�`i U#V Q7 i?2 +QM+HmbBQM Bb p2`v Q7i2M BMi2`T`2i2/,ě

:Bp2M �Mv +QHH2+iBQM Q7 p HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b BM � q@/BK2MbBQM�H bm#bT�+2 W Q7 Rn Qp2` i?2
`2�Hb- Bi Bb TQbbB#H2 iQ ǵ2ti2M/Ƕ i?Bb +QHH2+iBQM iQ � #�bBb 7Q` W Qp2` i?2 `2�HbX

RdX h?2 2t�KTH2 #2HQr T�`iB�HHv BHHmbi`�i2b i?2 +QMi2Mi Q7 i?2 _2TH�+2K2Mi h?2Q`2K- �M/ �HbQ bm;;2bib ?Qr i?2 ǵ�H;2#`�Ƕ
BMpQHp2/ BM Bib �`;mK2Mi Bb /QM2X oB2r2/ BM �MQi?2` r�v- i?Bb 2t�KTH2 �HbQ BHHmbi`�i2b i?2 B/2� BM h?2Q`2K UNVX
1t�KTH2 U9VX UAHHmbi`�iBQM QM i?2 +QMi2Mi Q7 i?2 _2TH�+2K2Mi h?2Q`2K- �M/ i?2 B/2� BM h?2Q`2K
UNVV
_2;�`/ R8 �b � bm#bT�+2 Q7 R8 Bib2H7 Qp2` i?2 `2�HbX

q2 ?�p2 i?2 bi�M/�`/ #�b2 7Q` R6- +QMbiBimi2/ #v e(8)1 , e(8)2 , e(8)3 , e(8)4 , e(8)5 , e(8)6 , e(8)7 , e(8)8 X

6Q` bBKTHB+Biv- r2 r`Bi2 e(8)j �b ej 7Q` 2�+? jX
G2i u1 = e1 + e2- u2 = e2 + e3- u3 = e1 + e3- u4 = e4 + e5- u5 = −e4 + e5- u6 = e1 + e2 + e3 + e4 + e5 + e6X

U�V LQi2 i?�i u1,u2,u3,u4,u5,u6 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` R6X U6BHH BM i?2 /2i�BH �b 2t2`+Bb2XV
U#V �i � i?2Q`2iB+�H H2p2H- r2 FMQr 7`QK i?2 _2TH�+2K2Mi h?2Q`2K i?�i u1,u2,u3,u4,u5,u6- �M/ 2 �TT`QT`B�i2

+QHmKM p2+iQ`b 7`QK �KQM;bi e1, e2, e3, e4, e5, e6, e7, e8 iQ;2i?2`- +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2 `2�HbX
U+V �MQi?2` r�v Q7 b�vBM; i?2 b�K2 i?BM; U#mi rBi? 2KT?�bBb b?B7i2/V Bb i?�i r2 K�v ǵ2ti2M/Ƕ u1,u2,u3,u4,u5,u6

iQ ;Bp2 � #�bBb 7Q` Rn Qp2` i?2 `2�Hb- #v BM+Q`TQ`�iBM; 2 +QHmKM p2+iQ`b 7`QK �KQM;bi e1, e2, e3, e4, e5, e6, e7, e8X
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U/V AM T`�+iB+2- 7Q` i?2 b2H2+iBQM iQ #2 /QM2- r2 M22/ iQ /Q bQK2 �H;2#`� �#Qmi HBM2�` +QK#BM�iBQMbX
h?2 bi`�i2;v Bb iQ Q#i�BM � /2bB`2/ #�bBb 7Q` R8 7`QK i?2 Q`B;BM�H #�bBb R8 #v +QMbi`m+iBM; p�`BQmb #�b2b 7Q` R8

rBi? KQ`2 �M/ KQ`2 ukǶb- �M/ 72r2` �M/ 72r2` e!ǶbX �i 2�+? bi2T- r2 `2TH�+2 QM2 Q7 i?2 `2K�BMBM; e!Ƕb BM i?2
ǵBMi2`K2/B�i2Ƕ #�bBb rBi? �M �TT`QT`B�i2 uk r?B+? Bb v2i iQ #2 BM+Q`TQ`�i2/X

BX "v /2}MBiBQM u1 = e1 + e2X ěě (#1)

h?2M e1 = u1 − e2X ěě (#′1)

lbBM; i?2 2[m�HBiB2b (#1), (#′1)- r2 /2/m+2 i?�i u1, e2, e3, e4, e5, e6, e7, e8 +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2
`2�HbX

BBX "v /2}MBiBQM u2 = e2 + e3X ěě (#2)

h?2M e2 = u2 − e3X ěě (#′2)

lbBM; i?2 2[m�HBiB2b (#2), (#′2)- r2 /2/m+2 i?�i u1,u2, e3, e4, e5, e6, e7, e8 +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2
`2�HbX

BBBX "v /2}MBiBQM u3 = e1 + e3X
LQi2 i?�i e1 = u1 − e2 = u1 − (u2 − e3) = u1 − u2 + e3X
h?2`27Q`2 u3 = u1 − u2 + 2e3X ěě (#2)

h?2M e3 = −1

2
u1 +

1

2
u2 +

1

2
u3X ěě (#′3)

lbBM; i?2 2[m�HBiB2b (#3), (#′3)- r2 /2/m+2 i?�i u1,u2,u3, e4, e5, e6, e7, e8 +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2
`2�HbX

BpX "v /2}MBiBQM u4 = e4 + e5X ěě (#4)

h?2M e4 = u4 − e5X ěě (#′4)

lbBM; i?2 2[m�HBiB2b (#4), (#′4)- r2 /2/m+2 i?�i u1,u2,u3,u4, e5, e6, e7, e8 +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2
`2�HbX

pX "v /2}MBiBQM u5 = −e4 + e5X
LQi2 i?�i e4 = u4 − e5X
h?2`27Q`2 u5 = −u4 + 2e5Xěě (#5)

h?2M e5 =
1

2
u4 +

1

2
u5X ěě (#′5)

lbBM; i?2 2[m�HBiB2b (#5), (#′5)- r2 /2/m+2 i?�i u1,u2,u3,u4,u5, e6, e7, e8 +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2
`2�HbX

pBX "v /2}MBiBQM u6 = e1 + e2 + e3 + e4 + e5 + e6X

�7i2` bQK2 K2i?Q/B+�H �TTHB+�iBQM UQ` bQK2 +H2p2` Q#b2`p�iBQMV- r2 /2/m+2 u6 =
1

2
u1+

1

2
u2+

1

2
u3+u4+e6X

ěě (#6)

h?2M e6 = −1

2
u1 −

1

2
u2 −

1

2
u3 − u4 + u6X ěě (#6)

lbBM; i?2 2[m�HBiB2b (#6), (#′6)- r2 /2/m+2 i?�i u1,u2,u3,u4,u5,u6, e7, e8 +QMbiBimi2 � #�bBb 7Q` R8 Qp2` i?2
`2�HbX
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